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Introduction

When we consider the semantics of programs, we can consider state transformers
and predicate transformers. A state transformer describes the action of the
program, taking its initial state to its final state. Predicate transformers go
in the opposite direction and describe how to take a predicate to its weakest
precondition. In the classical case of nondeterminism [104] [124] an isomorphism
between state transformers and predicate transformers is obtained by restricting
predicate transformers to those that are healthy[124].

This is the reason for our focus on categorical dualities, as the relationship
between state and predicate transformers is best expressed as a contravariant
equivalence of categories.

In the first chapter, we concern ourselves with probabilistic computation. We
prove that K/(R) ~ CC*Algpy;, which can be considered to be a probabilistic
generalization of Gelfand duality. We also give a brief introduction to effect
modules, their relationship to order-unit spaces, and the expectation monad.

Chapters two to four can all be considered as a non-commutative general-
ization of chapter one. In the second chapter, we introduce base-norm spaces
and their relationship to convex sets. This is mainly for application in the next
chapter. Base-norm spaces are intended as a way of “freely” producing a vector
space for a convex set to live inside. The chapter fills a gap in the literature, as
although the definition of order-unit space is generally agreed upon, each author
has their own definition of base-norm space, and they do not compare their def-
initions to the definitions of other authors with explicit examples, which we do
here. We also give characterizations of which convex sets correspond to which
kind of base-norm space in two cases (we call them BConv and CBConv). We
then give an adjunction between base-norm and order-unit spaces, based on the
duality between states and effects, and restrict this to an equivalence. Then we
briefly discuss how this equivalence is not quite adequate as a generalization of
chapter one.

In the third chapter, we first introduce a new characterization of Akbarov’s
Smith spaces and their duality with Banach spaces. From this we can pro-
duce two dualities involving base-norm and order-unit spaces, depending on
whether one takes the base-norm spaces or the order-unit spaces to be Smith
spaces. If we take the base-norm spaces to be Smith, we get a state-and-
effect triangle for C*-algebras, which gives us one possible state-transformer
and predicate-transformer pair of semantics for quantum programs. In fact,



4 INTRODUCTION

the state-transformer semantics corresponds to what is called the Schridinger
picture, and the predicate transformer semantics to the Heisenberg picture.

We also produce another state-and-effect triangle, involving W*-algebras
and normal maps, where the order-unit spaces are Smith. We show in each
case (whether it is C* or W*-algebras) how to turn the base-norm and order-
unit space equivalences into equivalences between a category of convex sets
(CBConv or CCL) and a category of effect modules (CEMod and BEMod,
respectively). We would prefer, in fact, to prove the dualities directly in this
setting, but we could only do so using the extra facilities available in the vector
space setting (linear independence, locally convex topologies, the Hahn-Banach
and bipolar theorems).

These dualities give two generalizations of the duality between states and
effects in [27], §3.4] to the infinite-dimensional case, although with the drawback
that we consider only positive maps and not completely positive ones. A similar
generalization was considered before by Rennela [I10, Theorem 4.1, Appendix
C] (see also [20, Proposition 5.1]). Rennela’s version was more order-theoretic,
using a different characterization of normal maps of W*-algebras, and with an
adjunction between states and effects in the general case. This adjunction is
not known to be an equivalence. This is a difficulty we were able to circumvent
using locally convex topologies.

In the third chaper we also characterize CBConv as a reflective subcategory
of a category of Eilenberg-Moore algebras, EM(D). In chapter four we use a
theorem of Swirszcz to show that CCL has two characterizations, as EM(R)
and EM(E) (algebras of the Radon and expectation monads, respectively). We
can then characterize CEMod, the compact effect modules, independently of
an embedding in a topological vector space.

Finally, we come to chapter five. We saw in chapter three that we can work
either with C*-algebras or W*-algebras. In chapter one, however, we worked
only with C*-algebras in the commutative case. It is known that commuta-
tive unital C*-algebras correspond to compact Hausdorff spaces (Gelfand du-
ality), and the functor taking a compact Hausdorff space X to a commutative
C*-algebra takes the algebra of continuous C-valued functions under pointwise
multiplication, i.e. C(X). It is folklore that commutative W*-algebras corre-
spond to measure spaces, up to equivalence of measures, where given a measure
space (X, X, 1) one takes the algebra of bounded C-valued measurable functions,
modulo null functionsﬂ7 i.e. L™®°(X, X, 1). However, to get an equivalence of cat-
egories like Gelfand duality, and even to get a W*-algebra from L (X, X, u),
many conditions are needed. In particular, it appears that normal maps (maps
that produce normal morphisms of W*-algebras) have never previously been
characterized, so we give what we believe is a new defintion thereof in this
chapter. It is then possible to define a category Meas of measure spaces such
that L°° defines an equivalence Meas ~ CW*Alg®. We have to leave it to
future work to produce the analogous result to C/(R) ~ CC*Algpy;, as we
do not have the space or time to do so here. We do verify that the infinite

IFunctions supported on a set of measure zero.



distribution monad’s Kleisli category K¢(D), does not provide the answer.

We now outline the original contributions. The probabilistic Gelfand duality
in the first chapter is new. In the seconod chapter, the characterization of bases
of base-norm spaces as sequentially complete bounded convex sets is new, as
is the adjunction and equivalence for base-norm and order-unit spaces, in this
categorical form. In chapter 3, the generalization of Akbarov’s characterization
of Smith spaces is new, and Smith base-norm and order-unit spaces are new
definitions, so the equivalences given there are new. The universal enveloping
compact effect module described there is also new. In chapter four, the intrinsic
definition of a compact effect module is new. In chapter five, the definition
of a normal map of measure spaces is new, as is the complete proof of the
categorical equivalence between measure spaces and commutative W*-algebras,
as only parts of it or restricted cases had previously appeared.
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Chapter 0

Preliminaries

The section on monads originated in [64)]
There are a number of preliminaries we must get out of the way.

0.1 Convexity in Vector Spaces

Recall that a topological vector space is a vector space equipped with a topology
such that addition and scalar multiplication are continuous with respect to the
topology of the field over which the space is defined (in our case, R or C)[II8|
I.1]

A subset S of a (real) vector space E is convez if for each z,y € S and
a € [0,1], we have az + (1 — a)y € S. An equivalent characterization is that
for any finite sequence (a;)icr of elements of [0,1] such that ), ;a; = 1,
and (7;);cr a finite sequence of elements of S, we have ), ;o;z; € S. The
intersection of a family of convex subsets is convex, so convex sets form a lattice.
The smallest convex set containing a subset S of a vector space E is called the
convexr hull and is written co(S). It can be equivalently defined as the set of
convex combinations of elements of S. A subset of a topological vector space is
o-convez if the analogous property for countable sequences («;);er and (2;);er
holds, where the sum is interpreted as a limit of the sequence of finite sums in
the usual manner.

We say a subset X of a vector space E is absolutely convex if for each
finite set z1,...,z, in X and «ay,...,a, € R such that Z?:l |oi;] < 1 then
2?21 a;x; € X. The definition resembles that of convexity but with absolute
values (and < 1 instead of = 1). We include the use of the empty set when
forming convex combinations, so every absolutely convex set contains 0. The
effect of this is to rule out @) as an absolutely convex subset of E, in spite of the
fact that it is usually considered a convex subset of . The astute reader will
notice when this definition is required later on. There is a monadic theory of
absolutely convex sets analogous to that for convex sets [107, [I08], but as we
do not require absolutely convex sets as independent objects we do not use it.

7
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Unlike convexity, absolute convexity does not require an ordered field for
definition, and so can also be defined for the complex numbers or even more
general fields with valuation, such as p-adic fields. However, we will mostly
use the real definition. For non-empty sets, absolute convexity is variously
known as being balanced and convex[24, p. 102] or circled and convex|[I18,
Chapter II, Exercise 1]. This is because a subset S of a real vector space E is
balanced if x € S implies —z € S, and being balanced and convex is the same as
being absolutely convex (Lemma in the appendix). We use the notation
absco(X) to refer to the absolutely convex hull of X C E, E a (real) vector
space.

Lemma 0.1.1. Let C be a non-empty subset of a vector space . The absolutely
convex hull of C is co(C' U —C).

Proof.
e co(C'U—C) C absco(C):

Suppose we have some element of € co(C U —C), written as a convex
combination

T =012, Tk + Qg1 (—Thg1) F o+ ap(—2y)

where 1 < k < n, possibly reordering so elements of X occur for ¢ < k£ and
elements of —X for i > k. We can define {8;}1<i<» by taking ; = «; for
1<i<kand f8; =—q; for i > k. We have that |5;| = a; and so

n n
DMoIBil =) ai=1,
i=1 i=1

which means that x can also be expressed as the absolutely convex com-

bination
n
T = E By,
i=1

showing x € absco(C).
e absco(C) C co(CU—-C):

Suppose we have x € absco(C'), expressed as an absolutely convex combi-

nation
n
r = E T,
i=1

allowing n = 0. We define 8; = |oy| and y; = sgn(a;)x;. There is still
the problem that Y1 | 8; could be strictly less than 1. We can pick an
element of y € C, as it is non-empty, and define y, 11 = y and y,4+2 = —v,

and "
1- Zi=1 /81

BnJrl = ﬁn+2 = 9
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If n = 0, these are the only two values of §; that are defined.
Then the convex combination

n—+2

D Biyi =Y |l sen(ai)zi + Bui1y — Butay
=1

=1

n
= i+ Buy1y — Bury = 7,
i=1

which proves that « € co(C U —C). O

We say a subset S of a vector space E is radially bounded if for each line
L through the origin, S N L is bounded in L. Boundedness in L is defined as
boundedness in R via any linear isomorphism L = R. We say S is radially
compact if it is radially bounded and SN L is always closed in L, or equivalently
by the Heine-Borel theorem, that S N L is compact.

Lemma 0.1.2. An absolutely convex set U is radially bounded iff it contains
no line through the origin.

Proof. If L is a line through the origin contained in U, LNU = L and is therefore
unbounded, so U is not radially bounded.

For the other way, suppose U is radially unbounded, which is to say that
there exists a line L such that L N U is unbounded. This means that under an
isomorphism of L with R, for each n € N there is an = € R such that |x| > n.
Given such an x, by absolute convexity of U and L, we have —xz € L N U also,
and by Lemma [-n,n] C co({—z} U{z}) = [-z,2] € LNU. Therefore
the union of these intervals, the whole of L, is contained in U. O

The main reason for considering absolutely convex sets is their relationship
to seminorms. We first define a relation between subsets of a real vector space.
We say U absorbs V, for U,V C E, E a vector space, if there is some nonnegative
real a such that V' C aU. Given a set U C FE, we say it is absorbemﬂ if for all
x € E, there is some X such that z € AU, equivalently if A~z € U. This is the
same as saying that U absorbs all singletons.

Lemma 0.1.3. In a real vector space E, with subsets S,T:

(i) If S and T are absorbent, then S NT is absorbent. Therefore absorbent
sets are closed under finite intersection.

(i) If S C T and S is absorbent, T is absorbent.

Taken together, these show that absorbent sets are a filter on E.

Proof.

'Known as radial in [11§].



10 CHAPTER 0. PRELIMINARIES

(i) Let € E. There exist a, 8 € Rs¢ such that z € aS and x € gT. Take
~v = max{a, 8}, and observe that z € vS and x € 4T, so z € vSNAT.
Since v > 0, v - - is a bijection, so - - preserves Boolean operations, and
¥SNAT =~(SNT),so SNT is absorbent.

(ii) Let x € E. There exists o € Ry¢ such that + € o7 C S, so S is
absorbent. 0

Lemma 0.1.4. In a topological vector space, every neighbourhood of 0 is ab-
sorbent.

Proof. Let E be a topological vector space, N C E a neighbourhood of 0, and

x € E. As scalar multiplication is continuous, - - z : R — F is continuous.
Therefore there is an € > 0 such that (e,¢) - C N. We therefore have that
§x€N7andsom€%N. O

For absorbent absolutely convex sets, we can define the Minkowski functional
(or gauge[I118] 11.1.4, page 39]), as

|z||ly = inf{\ > 0|z € AU}.
This defines a seminorm for each absorbent absolutely convex set U.

Lemma 0.1.5. The following are equivalent for an absorbent absolutely convex
subset U of E:

(i) |-llu is a norm.
(11) The only linear subspace of U is {0}.
(#ii) U contains no line through the origin.

(iv) U is radially bounded.

Proof.

e (i) = (ii): Let F C F be a linear subspace such that F' C U. Then for all
a € [0,00), F = aF C aU, so we have that for all z € F, ||z|[y = 0 and
so x =0 by || — || being a norm.

e (ii) = (iii): A line through the origin is a linear subspace not equal to

{0}.

e (iii) = (i): We prove the contrapositive. Suppose |||y is not a norm, i.e.
that there exists * € E, z # 0 such that ||z|| = 0. For any o > 0, we
have that € a~'U and so ax € U. By absolute convexity, ax € U for
negative and zero values too, and so the line generated by z lies in U, and
it is non-trivial because = # 0.

e (iii) = (iv): See Lemma O
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In fact, the Minkowski functional and open unit ball define isomorphisms
between open absolutely convex neighbourhoods of 0 and continuous seminorms
in any topological vector space [I18] I1.1.5 and 1.6].

If (E,||-]|) is a seminormed space, we define Ball(E), or Ball(]|-||) to disam-
biguate if there is more than one seminorm present, as

Ball(E) = {z € E | ||lz| < 1}.

In the case that the seminorm is defined as the Minkowski functional of some
set, we can show the following.

Lemma 0.1.6. Let E be a real vector space and U C E be an absolutely convex
absorbent set. Then ||zl < 1 iff x € aU for all o such that 1 < a < 0.
FEquivalently

Ball(E)= [ olU.

I<a<oo
Proof. Let x € E.

o |z]ly <1=VA>1lax e \U:

If [|z||ly < 1, this means that inf{A > 0 | z € AU} < 1. If A > 1, then
inf{\ > 0|z € AU} <\, so A isnot alower bound for {\ > 0|z € NU},
so there exists some X > 0 such that x € MU and A £ X, i.e. A > \.
Therefore NU C AU, so x € \U.

o (VA>1laxelU)=|z|v:
Suppose that z € AU for all A > 1. Then we have

(I,0) C{A> 0|z € AU},
0

|z]| = inf{\ > 0 | € AU} < inf(1,00) = 1. O

Recall that a norm ||-|| on a vector space E defines a metric d(z,y) = ||[x—y/|,
and this metric defines a topology on E, the ||-||-topology[118, II.2][24] ITI.1]. A
Banach space is a normed space in which this metric is complete.

Lemma 0.1.7. If E is a real vector space and U C FE a radially compact
absolutely convex absorbent set, the closed unit ball of ||-||uv is U.

Proof. The closed unit ball is U’ = {z € E | VA € (1,00).x € AU} by Lemma
If € U, and ) is a real number > 1, then A™! € (0,1),s0 A"t -2 € U.
Therefore AA™! -z € AU so z € AU, and hence z € U’. This means U C U’.
Now suppose z € U’. If x = 0, then x € U, so we reduce to the case x # 0.
Let L be the line generated by x. Consider the set M = {a 'z | a > 1}.
Since 2 € U’, we have that for all @ > 1, o'z € U, and therefore M C U. By
linearity, M C UNL. As F is a base-norm space, UNL is compact, and therefore



12 CHAPTER 0. PRELIMINARIES

closed, so the closure of M is also contained in U N L. Therefore we only need
to show that z € M. We do this by showing that every neighbourhood of =
intersects M.

Let € > 0, define € = max{e, %} and define

1
1—

o= =
2
Since 0 < 1 — %' < 1, we have o > 1, as well as being defined. Now

lo —a ]|y = |1~ a el = (1~ a )|zl
<(1-a) Since 2 € U, so [lally = 1

e’<,<
=—<é<e
5 <

All together, this states ||z — a™ ']y < e for all e > 0. Since o'z € M, we
have that x € M and x € U, as required. O

If E, F are normed spaces, a map f : E — F is bounded iff the following
supremum exists

[£Il = sup{[[f(2)]| | = € E and |[z[| <1}

Boundedness is equivalent to continuity for maps of normed spaces, and as
indicated, the supremum above is a norm on continuous linear maps £ — F
[24, Proposition III.2.1].

Lemma 0.1.8. Let E, F be real vector spaces and U C E, V C F be absolutely
convex absorbent sets such that ||-||u and ||-||v are norms. If f: E — F is a
linear map such that f(U) CV, then || f]] < 1. Consequently, if f(U) C aV,
where a € Rso, then ||f|| < «, and so f is bounded.

Proof. Let z € X and ||z|y < 1. By Lemma[0.1.6] this is equivalent to z € aU
for all & > 1. We have by linearity of f that f(aU) C «V. Therefore f(x) €
aV for all @ > 1, so by applying Lemma in reverse, we conclude that
IIf(z)][vy < 1. As this applies for all = such that ||z|[y < 1, we can conclude
that |17 = sup{|f(@)]lv | = € Bzl < 1} < 1.

If /() C aV, then (a~' f)(U) C V, 50 a~ £l <1, 50 | fI] < o O

We require the following definitions and lemmas about Banach spaces. We
say that a family (x;);cr of elements of a Banach space F is absolutely summable
if >, |@i]| converges. (See [103] §1.4] or [I18 Chapter I1I Exercise 23 (iii)].)

Lemma 0.1.9. Let (x;)icr be a family of nonnegative reals such that ), x;
converges. Then the support of z; is countable.

Proof. The sum »_._; x; is defined to be

iel

lim i,
S€Prin(I) “
€Ptin( )ZES



0.1. CONVEXITY IN VECTOR SPACES 13

and we will give the value of the sum the short name A. Since the sum converges,
we have that for all € > 0 there exists S, € Pan(I) such that [\ =37, s x| <e.
The set § = U;’il Sy-; is a countable union of finite sets, hence countable.
Suppose that there is some ¢’ € I\ S such that z;; # 0. Then, taking a j such
that 2 > 277, we have that

A — Za:i<2*j <z,
iESj

and so Ziesj x; + x4 > A But since A is the sum of (z;) over all 4 € I and

Z:Z?i+xi/ <A\

i€S;

i' ¢ S, we have

This contradicts our assumption that such an i’ existed. Therefore the support
of (z;)ier is contained in S, and hence is countable. O

Corollary 0.1.10. Let (x;);cs be an absolutely summable family of elements of
some normed space. The support of (x;) is countable.

Proof. Since (z;);cs is absolutely summable, (||x;||)ics is a summable sequence
of nonnegative reals, and so has countable support by Lemma [0.1.9] Since
|lz:]| = 0 iff 2; =0, (x;);er has the same, countable, support as (||z;]])icr. O

The above applies in particular to sums of real numbers, as R is a normed
space. The corollary above can also be found as an exercise in [I18, Chapter III
Exercise 23 (c)].

Lemma 0.1.11. In any Banach space E, every absolutely summable family
(zi)ier is summable, i.e. > x; converges.
i€l
Proof. Let J = Pgn(I), being a directed poset under inclusion, and (S;);ecs be
the net defined as
Sj = Z ZTj.

i€
By definition, ), ; x; converges iff S; converges. We show S; converges by
showing that it is Cauchy, i.e. that for all € > 0 there is a N, € J such that for
all jvk > Ne» ||SJ - Sk“ <€

Let € > 0. We will consider the sum »_,_; ||lz;]|. Define (S7);c; as

iet |

i = Il
i€j
Since ), [|@i]| converges, there is some N. € J such that for all j,k > N,
|7 — Sil <. O

The previous lemma is found as an exercise in [I18, Chapter III Exercise 23

(a)]-
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Lemma 0.1.12. Let (z;)icr and (y;)icr be absolutely summable families in a
Banach space E, with the same index set I. Then (x; + y;)ier is absolutely

summable and
D @ity) =D wi+ > i

iel i€l i€l

Proof. By definition,

D llzi+vill = lezﬂryzll
iel f‘"( )i
Since each term of the sum is non-negative, the net (3. ¢ [|2i + vil)

S€Prin (1) is
monotone. If we observe that for all S € Pg, (1)

S+ will < 3 el + el

€S €S

and that limgep,, (1) D ;e lzill + [|yil| exists by continuity of addition (for real
numbers), we can use Lemma to conclude that >, |lz; + yil| converges.

Therefore ), (x; + y;) converges by Lemma|0.1.11} and so

d@ity) =D wi+ > v

icl icl icl
by continuity of addition in E. O

A locally convex space is a Hausdorff topological vector space where the con-
vex neighbourhoods of each point form a neighbourhood base of that point,
equivalently that the absolutely convex neighbourhoods of 0 form a neighbour-
hood base for 0 [T18], I1.4]. It is equivalent to require that the absolutely convex
neighbourhoods of 0 form a neighbourhood base for 0 [I18] I.1.2]. Under the
correspondence between absorbing absolutely convex sets and seminorms, lo-
cally convex spaces are also exactly those spaces whose topology can be defined
by a separating family of seminorms, and this is sometimes used as a defini-
tion [24], Definition IV.1.2]. Products of locally convex spaces are given by the
topological product, and neighbourhoods of zero of the form U x V for U a
neighbourhood of zero in the left factor and V' one in the right factor form a
base [118] I1.5.2 Products].

If F is a locally convex space, a subset S C F is said to be bounded if S is
absorbed by all neighbourhoods of zero. If f : E — F' is a continuous linear
map, then f(S) is a bounded subset of F[118] 1.5.4].

We include here some basic lemmas about bounded sets in locally convex
spaces.

Lemma 0.1.13.

(i) A set S C E is bounded in a topological vector space iff it is absorbed by
all elements of a neighbourhood base for 0.
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(is) If X C E,Y CF are bounded subsets of locally convex spaces, then X XY
s a bounded subset of E X F.

(i) If X C E is a bounded subset, v € E, then X + x is bounded.
Proof.

(i) The only if direction is clear. We therefore show that if S is absorbed
by all the elements of a neighbourhood base A for 0 in E, S is bounded.
Let U be a neighbourhood of 0, and N € A a basic neighbourhood such
that N C U, which must exist by N being a neighbourhood base. By
assumption, N absorbs S, so there is an « > 0 such that S C aN. Since
aN C aU, we have that U absorbs S. Since this applies for an arbitrary
neighbourhood of 0, S is bounded.

(ii) By part (i), it suffices to show that if U C F and V' C F are 0-neighbourhoods
in E and F respectively, that U x V absorbs X x Y. We know there exist
a,B > 0 such that X C aU and Y C V. Let v = max{«, }. Then we
have X CHU and Y C+V,s0 X x Y C~(U x V), as required.

(iii) By part (i), it suffices to show that for any absolutely convex neighbour-
hood U of 0, there is an a > 0 such that X +x C aU. Since X is bounded,
there is a 8 > 0 such that X C U, and as U is absorbent, there isa v > 0
such that  C yU. We can take a = B+, i.e. X +x C (8+7)U, because

ifye X, s0 B ty,y txeUso
y+r oy i z
B+y B+r B+~
B -1 v -1
B+ B+
by convexity of U. O

Lemma 0.1.14. Every compact subset of a locally convex space is bounded.

Proof. Let E be a locally convex space, with K a compact subset and U a
0-neighbourhood, and V' = int (U), which is necessarily an open 0-nbhd. By
Lemmal[0.1.4] V is absorbent, so {aV }aer., is an open cover of E, and therefore
of K. Applying compactness, we take a finite subcover, if we take the largest
B € Rsq such that SV is in this subcover, it contains all the other sets in the
subcover so K C V. Therefore K C U, and so K is bounded. O

Lemma 0.1.15. If S C E is bounded, E being a locally convex space, then its
absolutely convex hull absco(S) is also bounded.

Proof. Using Lemma [0.1.13] and local convexity of E, we only need to show that
absco(.S) is absorbed by all absolutely convex neighbourhoods of 0. So let U
be an absolutely convex O-neighbourhood. We know that there is an a > 0
such that S C aU. We therefore have that absco(S) C absco(alU) = aU as aU
was absolutely convex to start off with. Therefore U absorbs absco(S) and so
absco(.S) is bounded. O
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Lemma 0.1.16. If X C E is bounded, for E locally convex, then X is radially
bounded.

Proof. Suppose for a contradiction that X is bounded, but radially unbounded.
By Lemmal0.1.15] absco(X) is bounded, but also radially unbounded as it con-
tains X. By Lemma there exists a line through the origin in absco(X),
which we take to be generated by a nonzero element x € absco(X). The bound-
edness of absco(X) implies that for each 0-neighbourhoods U, there is an a > 0
such that absco(X) C aU, and so Sz € absco(X) C aU for all 3 € R. This
implies that « € U for all > 0, so by taking 8 = a~! we obtain z € U for
any 0-neighbourhood U.

Since FE is Hausdorft, there are open sets U,V C E such that 0 e U, z € V
and UNV = (. Therefore U does not contain z, contradicting the previous
paragraph. We therefore have that X is radially bounded by contradiction. [

We also have to following lemma about products of locally convex spaces.

Lemma 0.1.17. Let E X F be a product of locally convex spaces. We have a
map K1 : E — E X F defined as

k1(z) = (z,0).

This is a continuous linear section of my, and hence a linear homeomorphism
onto its image E x 0. The analogous statements are true for ko and mo.

Proof. We only give the proof for k1 and 7 as the other side is analogous. We
see that k; is linear because addition and scalar multiplication in E x F' are
pointwise. If U x V' is a basic neighbourhood of 0 in £ x F', then mfl (UxV)=U,
S0 k1 is continuous. We can see that it is a section of 71 because

m ok (z) =m(2,0) =z

for all x € E. This implies that it is a homeomorphism onto its image in
ExF. 0

We now deal with some notions relating to completeness in locally convex
spaces. In any topological vector space E, we can define a uniformityEI on F by
taking a base of entourages to be the family of sets of the form

Ny ={(z,y) e ExE|z—yeV}

where V runs through some base of 0-neighbourhoods [I18] §I.1.4]. The topol-
ogy defined by this uniformity is the topology E started with, and whenever
we apply a notion relating to uniform spaces to topological vector spaces, we
mean to use this uniformity. Any continuous linear map is uniformly continu-
ous. A topological vector space is said to be complete iff it is complete in that
uniformity.

2See [19} §11.1.1] for the basic theory of uniform spaces.
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Lemma 0.1.18. For any locally convex space E, a an element of E, the map
-+a: E — E is an affine uniform isomorphism.

Proof. We first prove that - + a is affine and uniformly continuous. Consider a
convex combination ax + (1 — «)y in E in the following:

(az+(1—a)y)+ta=az+(1—a)y+aa+ (1 —a)a
=a(z+a)+ (1 —-a)ly+a).

To show it is uniformly continuous, let Ny be a basic entourage coming from
a 0-neighbourhood V. We will show that Ny C ((- + a) x (- + a)) " (Ny),
equivalently ((- + a) X (- + a))(Ny) € Ny as follows. Let (z,y) € Ny, i.e.
x—y € V. Then

((+a)x(-+a)(zy)=(r+a)-(y+ta)=z-yecV

so (x+a,y+a) € Ny.
We then observe that -+ (—a) is of the same form, hence affine and uniformly
continuous, and the inverse to - + a, so - + a is a uniform isomorphism. O]

A sequence (z;);eny in X is a Cauchy sequence if for each entourage U C
X x X, there is an N € N such that for all 7,5 > N we have (z;,z;) € U. So
in a topological vector space, a sequence is Cauchy if for each 0-neighbourhood
(equivalently, for each basic 0-neighbourhood for some 0-neighbourhood base)
U, there is an N € N such that for all 4,57 > N we have z; — z; € U. If we
consider a normed space as a locally convex space, with its 0-neighbourhood
base of open balls of radius €, we see that this coincides with the usual notion
of Cauchy sequence in normed spaces. A subset S of a locally convex space F
is sequentially complete if every Cauchy sequence with values in S converges to
a point in S.

Lemma 0.1.19. Let (o;)ien be a sequence of real numbers, a; > 0 for all i,
such that Y ;2  a; = 1. Let (x;);en be a sequence in a locally convex space E
that is bounded (as a subset of E). Then the sequence

n
E ;4
i=1 neN

Proof. Let U C E be an absolutely convex neighbourhood of 0. Since (z;)ien
is bounded, there is a S > 0 such that x; € SU, or equivalently %mi € U for
all i € N. Since (3272 a;),, oy converges, as the sum of that series is 1, it is a
Cauchy sequence, so there is an N € N such that for all m,n > N (without loss
of generality taking m > n) we have

1s Cauchy.
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and since each term of the sum is nonnegative

0< i Oéi<%,

i=n—+1
and in fact

m
0< Y Ba;<1.
1=n+1
We can now see that for all n,m > N, without loss of generality taking m > n,
we have

ZO(Z'CCZ‘ - Zaixi = Z ;T = Z(ﬂaz) <;l‘z> .
i=1 i=1 i=n+1 i=n

As this is an absolutely convex combination of elements of U, we have shown
that > | a; € U, as is required to show that the sequence is Cauchy. O

0.2 Ordered Vector Spaces

A wedge in a (real) vector space E is a subset E such that:
(i) fz,ye Ey,z+y € Ey.
(i) fa € R, a >0, and z € E, then ax € E.
The wedge defines a pre-order on F by defining
r<ysy—z€ k. (1)

In fact, this defines a map from vector spaces with a wedge to vector spaces that
are also pre-ordered sets where the pre-order is translation invariant. Taking
the wedge of elements greater than or equal to zero defines the inverse map, so
these two structures are equivalent.

We say that a wedge is a cone if Ey N —E; = {0}. Some authors call this
a proper cone and use cone, or even conver cone to mean a wedge, reserving
cone for an even more general notion. We will stick to the previous terminology.
For a cone, defines a partial order. We will now use partially ordered vector
space to refer to a pair (F, EL). In fact, we often omit the word partially and
refer to these simply as ordered vector spaces. A linear map f : E — F between
partially ordered vector spaces (E, E;) and (F, Fy) is positive if f(Ey) C Fy.
For linear maps, this is equivalent to being monotone in the order . Partially
ordered vector spaces and linear maps form a category.

We say a poset P is directed if it is nonempty and each pair has an upper
bound, i.e. if for each pair x,y € P there exists z € P such that z < z and
y < z. Wesay a cone E; C E is generating if E is the (real) span of F,,
equivalently £, — E, = E. This is equivalent to the statement that each x €
can be (nonuniquely, in general) expressed as x4 —x_ with z,,2_ € E,. Many
authors say instead that (E, E.) is directed, for the following reason.
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Proposition 0.2.1. A partially ordered vector space (E, E.) is directed iff E
18 generating.

Proof.

e Directed implies generating:

Let x € E. Since (E, E}) is directed, there exists an element, which we
shall call z, such that z < z; and 0 < z,. Applying , we see that
ry € By and x4 —x € E;. If we define z_ = x4 — x, we see that
r=z4y —2_ and z4,z_ € Ey, as required.

e Generating implies directed:

Let z,y € E. We can choose decompositions of them into positive elements
as x4y —x_ =z and y4+ —y— = y. These equations can also be written as

Ty T =T Y+ — Y=y,

which by (1) implies * < x4 and y < y. Using the fact that z,,y; € E4
and the translation invariance of the order, we also have

Ty S xy Yy Yy <2y + Y4,

so we can apply transitivity of < to deduce
TS Tyt Yy Y=o+ Yy

We can therefore see that x4 + y4 is an upper bound for {z,y}. Since z
and y are arbitrary, and E can never be empty, E is directed. O

From now on we will use the common terminology and refer to (E, F;) as
directed if E is generating. We remark at this point that (R,[0,00)) is a
directed ordered vector space and the order is the usual one.

We can extend the notation for closed intervals, as used on R, to any ordered
vector space. If (E, E}) is an ordered vector space and a,b € F is any pair of
elements, we define

[a,b] ={x € E|z—ac€Eyandb—z € E,}
[a,00)={z€FE|x—acE;}=FEi+a
(—oo,b|={zr€eE|b—xe€E,}=b—Ey.
It is clear from these definitions that [a,b] = [a,00) N (—00,b] = a+ELNb—E,.
Lemma 0.2.2. Let (E, Ey) be an ordered vector space, a,b elements of E.

(i) If « € Rsg. Then

ala, bl = [aa, ab)

(it) If c € E, then
¢+ la,bl =[a+c,b+ (]
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Proof.

(i) We reason as follows:

r € ala,b] < a tx € [a,b)]

salr—acE andb—a 'z € B
Sr—aas€ Eyandab—2x € Ey FE, a cone

&z € [—aa,abl.

(ii) In this case:

x €c+la,b & x—cé€la,b
Sa<zx—c<b
Sr—c—acE andb—-—z+ce EL
szr—(a+c)eEyand (b+c¢)—z € By
Sxefateb+c

so the two sets are the same. O

0.3 Dualities, Polars and Bipolars

A duality is a triple (E, F, (-,-)) where E, F are real vector spaces, and (-,-) :
FE x F — R is a bilinear map such that

Yy € Fz,y) =0 implies x = 0
Va € E.(x,y) = 0 implies y = 0.

Some authors use separated duality to describe this, leaving the term duality
to refer to a pair of vector spaces E, F' with a bilinear map F x F — R. The
basic theory is described in [TT8] §IV.1] and [I8, §II.6.1]. By the symmetry in
the definition, if (E, F, (-,-)) is a duality, (F, E, (-,-) o 0g r) is a duality, where
og.r(z,y) = (y,z). We call this the transpose of a duality.

For any locally convex topological vector space E, we denote by E* the vector
space of k-valued continuous linear maps, the dual space, where k € {R,C} is
the base field of E. This is also used by some authors for the “algebraic dual”,
of all linear maps, including discontinuous ones, who use E’ for the continuous
dual. However, E’ is used to refer to the commutant in the theory of operator
algebras, so we do not use it.

Proposition 0.3.1. If E is a locally convex space, and we define
(Y EXE"—>R
(,¢) = ¢(z)

then (E,E*,(-,-)) is a duality.
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Proof. See [118], §IV.1 Example 2| or [I8] p. I1.42]. O

We can define a locally convex topology o(F, F) on E with the following
subbase of zero-neighbourhoods

Nye={ze X |[{z,y)| <e} (2)

Where y € F and € € Ryg. In fact, (N,) = (IVy,1)yer defines the same topol-
ogy. This topology is the coarsest topology such that each (-,y) : E — R is
continuous. By transposing the duality, we can also define the topology o(F, E)
on F. In the special case of the pairing from Proposition o(E,E*) is
called the weak topology and o(E*, E) the weak-* topology. If (E, F,(-,-)) is a
pairing, and Y C F is a set whose span is F', then we can define o(F,Y") to be
the topology with sets of the form N, . with y € Y as a base. This topology
agrees with o(E, F).

We will need the following fundamental results about linear maps that are
continuous in weak topologies.

Proposition 0.3.2. Let (E, F,(-,-)) be a duality. The map x +— (x,-) defines
a linear isomorphism from E to (F,o(F, E))*, i.e. from E to linear maps from
F to R that are continuous in the o(F, E)-topology. By symmetry, the map
y = (-, y) defines a linear isomorphism from F to (E,o(E,F))*.

Proof. See [118] IV.1.2]. O

Proposition 0.3.3. Let (E1, F1,(-,-)1) and (E2, F5, (-, -)2) be dualities. Let
f: Ex — E5 be a linear map. The following statements are equivalent:

(i) f is continuous from o(Eq, Fy) to o(Ea, F3).
(ii) There exists a linear map g : Fo — Fy such that for allz € Ey and y € Fy

(f(@),y)2 = (2, 9(y)1 (3)

Any g satisfying is necessarily continuous from o(Fy, E) to o(Fy, Ey).

Proof. See [118] TV.2.1]. O

Proposition 0.3.4. Let E be a locally convex space, and C' a convex subset.
Then C' is closed iff it is o(E, E*)-closed, and the closure of C is the o(E, E*)-
closure.

Proof. See [118] 11.9.2 Corollary 2]. O
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0.3.1 Polars

Given a duality (E,F,(-,-)), and a subset S C E, we define the polar [118]
§IV.1.3] of S, S° C F, to be

S°={yeF|VreSzy <1}

If T C F, we define T° to be the polar of T" in the transposed duality.
In [I8] §I1.6.3] the polar is defined to be

{y € F|Vz € S{x,y) > —1}.

It is clear that this is —S°, and so any results about polars from [I§] can be
translated to match the usual definitions.
We define the absolute polar as

glol — {y € F|Vz e S|{x,y)| <1}

Lemma 0.3.5. Let (E,F,(-,-)) be a pairing and S C E. Then S° is a convex
subset of F' containing 0 that is o(F, E)-closed, and Slol is absolutely convex
and o(F, E)-closed.

Proof. For the fact that S° is convex, contains 0, and is o (F, F)-closed, see [T18],
IV.1.4].

To show S!°l is absolutely convex, let > icr @i be a finite absolutely convex
combination of elements of S°l. Then for all € S, we have

<x,Zaiyi>‘ =Y aifw,yd| <Y laill{w, g <D lail < 1.
el

icl icl icl
This shows Y, ; asy; € S°l. Now, since Sl°l = §° N —S°, it is o (F, E)-closed
as well. O

Lemma 0.3.6. Let (E,F,(-,-)) be a pairing. If S C E is absolutely convex,
then S° = Sl°l.

Proof. We see from the definition that S°l C S°. To show the opposite inclu-
sion, let y € S°. We know that for all x € S, (z,y) < 1. Since —z € S, by
absolute convexity, we have (—z,y) < 1, so {x,y) > —1, by bilinearity. This
shows that |(z,y)| < 1, for all z € S, and hence y € Sl°l. O

Recall that the polar wedge of a wedge C' C FE is
C*={yer|(zy =0}

Lemma 0.3.7. Let (E, F,(-,-)) be a pairing, and C C E a wedge. Then C* =
—C°.
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Proof. We have that

—C°=—-{yeF|VeelClz,y)y <1} ={ye F|VreClzr,—y) <1}
={ye F|VzelC(z,y) > -1}

We can see, therefore, that —C° C C*. Suppose for a contradiction that there
is ay € —C°\ C*. Then there is some z € C such that —1 < (z,y) < 0. Take
a = (x,y). Therefore —% > 0, so —%x € C because it is a wedge. We can

therefore see that

[e%

(-2ow) =2 =221

which is a contradiction. So —C°\ C* = {}, and therefore —C° = C*. O

Lemma 0.3.8. If E = E, — E, (equivalently, if (E, Ey) is directed), then the
dual wedge F is a cone, the dual cone.

Proof. Suppose y € Fy and —y € F. Then for all z € FE,, we have (z,y) >0
and (x, —y) > 0. By linearity, we deduce (z,y) < 0 and therefore (x,y) = 0 for
allz € Ey. If x € E is expressed as x4 —x_ with x4, 2_ € E,, we see that

<$7y> = (74 — J,‘_,y> = (x+,y> - (a:_,y> =0,
and therefore y = 0. O

The main theorem in the subject of polars is the following. Given a set
S C E, we may not only take the polar S°, but also the polar of the polar,
S°° C FE, the bipolar.

Theorem 0.3.9 (Bipolar Theorem). Let (E, F,(-,-)) be a duality, S C E a
subset. Then S°° is the closed convex hull of S U{0} in the o(E, F) topology.

Proof. See [118| IV.1.5] or [18] I11.6.3 Theorem 1]. O

Corollary 0.3.10. Let (E,F,(-,-)) be a duality, and S C E an absolutely
convex set. Then S°° is the o(E, F) closure of S, or equivalently the closed
absolutely convex hull of S.

Proof. By absolute convexity, we have S U {0} = S and co(S U {0}) = S. By
[24, TV.1.13 Corollary], we have that the closed convex hull of S i the closure
of the convex hull of S, so by the bipolar theorem S°° = cl(S5), in the o(E, F)
topology.

The closure of an absolutely convex set is convex, and if z; — x, then —z; —
—z, so cl(S) is balanced and convex, therefore absolutely convex (Lemma
A.3.1). Therefore cl(S) is the closed absolutely convex hull of S. O

Lemma 0.3.11. Let (E,F,(-,-)) be a pairing.
(i) Let (Si)icr be a family of subsets of E. Then (V;c; Si® = (U;er Si)o, and
o lo]
Miex Sill = (Uz‘el Si) o
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(ii) Let S C E and o € R\ {0}. Then o(S)° = (a=15)° and a(S)" =
(a=1s)!.

(iii) Let S,T C E. Then S C T implies T° C S° and T'°l C Sl°l.

(iv) Let S C E. Then abscoS°® = absco(S)!°l = slel.

Proof. In each of the first three statements, we only give the argument for the
polar, as the argument for the absolute polar is similar.

(i)
y € ﬂS’iO(:)ViEI.VxESi.(x,y) <levre USi.<x,y> <1

i€l i€l

o
i€l

(i)

yea(S®) salyc S evreS(r,aly) <laevreS(a e,y <1

eVeea 'S(r,y)<laye (ats)’
(iii) Let S CT C E. Then
yeT’ Ve eT(x,y) <1l=VreS{z,y <lsyes°

(iv) By Lemma abscoS° = abscoS!°l. We have § C absco(S), so by the

previous part absco(S)‘OI C Slel. To show the opposite inclusion, suppose

that y € SI°l, i.e. that for all z € S, |(x,y)| < 1. Let > ier @; be a finite
absolutely convex combination of elements of S. Then

|<Z Oéixiay> Z%‘(xz‘,y)
iel

icl

< Z iz, )

el
=Y laill{s,y)l
iel
<> al z; €8, ye sl
il
<1 an absolutely convex combination

O

Corollary 0.3.12. If (E, F,(-,-)) is a duality, and S C E, then S°ll°l is the
closed absolutely convex hull of S in the o(E, F) topology.
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Proof. By Lemma|0.3.11] we have Slollel = absco(S)lOHol, which in turn is equal

to absco(S)°° by Lemma By Corollary [0.3.10}, this is the closed absolutely
convex hull of S in the o(FE, F') topology. O

Lemma 0.3.13. Let (E, F, (-, -)) be a duality, and F' C F a subspace of F such
that F separates the points of E, and therefore (E, F',(-,-)) is a pairing. Let
S CE. We use S% to mean the polar of S in F' and S%, to mean the polar of
S in F'. Then

S% N F/ == S;);v/
Proof. If y € S%,, then y € F' and Vz € S.(x,y) < 1, so y € S%. Therefore
yeSENE.
For the other direction, let y € S&NF’'. Then y € F' and Vx € S.(z,y) <1,
soy € Sp. O

The following lemma relates polars and adjoints.

Lemma 0.3.14. Let (B, F1,{(-,-)1) and (Ea, Fy, (-, -)2) be dualities, f : E1 —
Ey a linear map with adjoint g : Fo — Fy. If S C By, then f(S)° = g~1(S°).
Equivalently, if T C Fy, then g(T)° = f=4(T°).

Proof. The second statement follows from the first by transposing the duality,
so we prove the first.

f(9) ={y € Fa |V € f(S).(z,y)
={y e By [Va € S(f(x),y)
={y € x| Va € S(z,9(y))
={ye gy € 5°}
=g '(5°).

2 <1}
2 < 1}
1 <1}

O

We can prove the following useful fact about closed wedges in locally convex
spaces. It can be proven directly from the Hahn-Banach separation theorem as
well.

Lemma 0.3.15. Let E be a locally convex space and Ey C E a closed wedge.
Then ¢(x) > 0 for all ¢ € E (the polar wedge), iff v € E.

Proof. If x € E, by definition we have ¢(x) > 0 for all ¢ € E%. We therefore
only need to show the other direction.

The set {x € E | V¢ € Ef.¢(x) > 0} is equal to the dual cone of £} with
respect to the transpose of the usual pairing between E and E*. Applying
Lemma, twice, we have

[v € B |Voe BLoa) 2 0} = —(—F.°)°
=FE.°° Lemma (ii)
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The bipolar is the o(E, E*)-closure of E; by the bipolar theorem and the fact
that a wedge is already convex and contains 0. We then use the fact that
if a convex set is closed in a locally convex space it is also weakly closed by

Proposition [0.3.4] O

0.4 Category Theory

We recall here some basic theorems of category theory. Some basic references
are [83 [I7]. We use Eilenberg’s notation for hom sets in a category, i.e. if C is a
(locally small) category X,Y are objects in C, then C(X,Y) is the set of arrows
X =Y inC.

The basic definition of an adjunction is a pair of functors F': D — C,G : C —
D and a natural isomorphism ¢ : D(F(X),Y) = C(X,G(Y)). An adjunction
can be defined equivalently in the following ways:

Theorem 0.4.1. Each adjunction (F,G,$), F : D — C is determined by any
one of the following:

(i) Functors F,G, a natural transformation 1 : Id = GF such that each nx
is a universal arrow from X to G, i.e. for each f: X — GY there exists
a unique g : FX — 'Y such that the following diagram commutes

X . GFX

G

GY.
In this case, ¢(f) is defined to be G(f)onx.

(i) The functor G and for each X € D an object FuX € C and a universal
arrowny : X = GFyX from X to G. Then F is defined on objects as Fy X
and on maps h : X — X' to be the unique Fh such that GFhonx = nxoh.

(iii) Functors F,G and a natural transformation € : FG = 1Id such that ey is
universal from F to Y.

(iv) The functor F and for each Y € C an object GoY € D and an arrow
ey : FGoY — Y that is universal from F to Y.

(v) Functors F,G and natural transformations n : Id = GF, ¢ : FG = 1d
such that the following diagrams commute

FX 2 FGFX ay % GFGY
\ \LﬁFX \ \LGEY
idpx idGX

FX QY

for each X € D and Y € C.
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Proof. See [83, IV.1 Theorem 2], where the statement of the theorem comes
from. O

The following fact about adjoints justifies referring to “the” left adjoint or
“the” right adjoint of a functor, at least up to isomorphism.

Proposition 0.4.2. If F,F’ : D — C are both left adjoints to a functor G :
C — D, then F = F'. Similarly, if G,G’ are both right adjoints to a functor F,
then G =2 G'.

Proof. See [83, §IV.1 Corollary 1]. This isomorphism can be defined in terms
of the units n : Id = GF,n' : Id = GF’ and counits ¢ : FG = 1d,¢ : F/'G = 1d
as el o Fpy : FF — F' and €F o F'n: F' — F. These can be seen to be
mutually inverse by using naturality and the triangle identities from Theorem
0.4.1] (v). O

A functor F' : D — C is an equivalence if there exist G : D — C and natural
isomorphisms « : FG = Id¢,f : Idp = GF. We call the triple (G, a, ) an
inverse for F'; and when no confusion can result, we refer to just G as an inverse.
Be warned that there is no uniqueness to o and 5. An adjunction (F,G,n,¢€),
described in terms of (v) of the above theorem, is called an adjoint equivalence
if n and € are isomorphisms. Recall that a functor F' is essentially surjective on
objects if for each Y € C, there exists an X € D and an isomorphism F(X) =Y.

Theorem 0.4.3. The following are equivalent for a functor F : D — C:
(i) F is an equivalence of categories.

(ii) F is part of an adjoint equivalence (F,G,n,¢€). (and equally (G, F,e~t,n71)
is an adjoint equivalence).

(iti) F is full, faithful and essentially surjective on objects.
Proof. See [83] IV.4 Theorem 1]. O

For F an equivalence, we call any G in an adjoint equivalence an adjoint
tverse to F.

Lemma 0.4.4. Let (F,G,n,¢€) be an adjoint equivalence, and let (F',G,n’,€)
be an adjunction (having the same G). Then n' and € are isomorphisms, so
(F',G,n',€) is also an adjoint equivalence (with F' = F).

Proof. Using Proposition [0.4.2) we have that eF' o Fn' : F = F' and ¢ Fo F'n :
F’ = F form an isomorphism F = F’. We first observe that

G(eF' o Fn')yon=GeF' o GFn on
=GeF onGF oy naturality of n
= (GeonG)F' onf

=7 adjunction triangle.
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As 7 is an isomorphism, 7’ has been shown to be a composite of two isomor-
phisms, and therefore an isomorphism.
Similarly the proof for € goes

eo(€FoF'n)G=coeFGoF'nG
=€ o F'Geo F'nG
=€ o F'(GeonG)

:G,

using the naturality of ¢ and an adjunction triangle.
It follows, by definition, that (F’,G,n’,€') is an adjoint equivalence. O

Lemma 0.4.5. Let F,G : C — D be functors, a : F = G a natural isomor-
phism. Then for each parallel pair of maps f,g: X —Y in C, we have

F(f)=F(g9) & G(f) = G(9).

Proof. By the naturality of a, we have F(f) = ay' o G(f) o ax and likewise for
g. So

F(f)=F(g9) & ay' 0o G(f)oax = a3y’ 0 G(g) o ax & G(f) = G(g).

0.4.1 Monads

This section recalls the basics of the theory of monads. Some basic references
are [83] [10] [88], [17]. Some specific examples are elaborated later on.

A monad is a functor T : C — C together with two natural transformations:
a unit 1 : Ide = T and a multiplication p : T? = T, such that the following
diagrams commute, for X € C.
T(nx)

NT(X) HT(X)

T(X) T?(X) T(X) T3(X) T?(X)
\ lux/ T(MX)\L \LMX
T(X) T2 —T(X)

Each adjunction F' 4 G gives rise to a monad (GF,n, GeF).

Given a monad T one can form the category EM(T) of (Eilenberg-Moore)
algebras. Objects of this category are maps of the form « : T(X) — X, making
the first two diagrams below commute.

X" rx r2x 1y rx 29y

bk 4 b

X TX X X Y
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A homomorphism of algebras (X,a) — (Y,5) isamap f: X — Y in C be-
tween the underlying objects making the diagram on the above right commute.
Therefore the diagram in the middle says that the map « is a homomorphism
(TX,pnx) — (X,a). The forgetful functor U : EM(T) — C has a left adjoint,
mapping an object X € X to the (free) algebra (T'(X), pux).

Each category EM(T) inherits limits from the category C. In the special
case where C = Set, the category of sets and functions, the category EM(T) is
not only complete but also cocomplete (see [I0, § 9.3, Prop. 4]).

For any monad T = (T, n, 1) on a category B we write C(T') for the Kleisli
category of T'. Its objects are the same as those of B, but its maps X — Y
are the maps X — T(Y) in B. The unit : X — T(X) is the identity map
X — X in K4(T); and composition of f: X — Y and ¢g: Y — Z in K¢(T) is
given by g o f = poT(g) o f. Maps in such a Kleisli category are understood
as computations with outcomes of type T', see [02]. For a monad T': Set — Set
we write CUy(T) — KU(T) for the full subcategory with numbers n € N as
objects, considered as n-element sets.

If C and D are categories, (T,n7,uT), (S,n°, n°) are monads on C and D
respectively, a monad functor[125] §1]E| from S to T is a pair (U, o) where U is
a functor C — D and o is a natural transformation SU — UT such that the
following diagrams commute

So oT

n U
U——=SU S2U SUT UT?
UT\\ i" NSUJ/ iUuT
n
uT SU UT.

In the case that the U = Id this is the usual notion of monad morphism, see
e.g. [I7, Volume 2, Definition 4.5.8].

Proposition 0.4.6. For each monad functor (U : C — D,o : SU = UT) we
can define a functor U : EM(T) — EM(S) as

U°(X,a) = (UX,Uaocox)
Uo(f: (X,a) = (Y, 8)) = U(f),

where (X, a), (Y, 8) are T-algebras, f a T-algebra map between them.

Proof. We first show that U?(X,«a) is an S-algebra. We do this by pasting

3Called a lax map of monads in [84] §6.1].
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diagrams as follows:

S
Ux "X sux s2Ux 275 surx SV sUXx
ox orTXx ox
o | P

UTX S ur2x YT yrx

Uidx
Ua Up’% Ua

UX SUX UTX UX
ox Ua

On the left, the top triangle is part of the definition of monad functor, the
bottom one is U applied to the triangle diagram for X being a T-algebra. On
the right, the left pentagonal part is from the definition of a monad functor, the
upper right square is naturality of o and the bottom right square is U applied
to the square diagram for X being a T-algebra.

We also need to show that if f is a T-algebra map, then U?(f) is an S-algebra
map. We do this by pasting diagrams again:

sux =Y suy

UTX —UTY

UTf
Ual lUﬁ

UX ——UY.
uf

The top square commutes by naturality of o, and the bottom square is U applied
to the square that commutes because f is a T-algebra map.

Preservation of identities and composition for U? follows directly from the
fact that U is a functor. O

In the special case of monad morphisms, we can form the category of monads
on a given category C, Monad(C). Given a monad morphism o : S = T, we
define EM (o) =1d7 : EM(T) — EM(S). If we take Cat to be the (superlarge)
category with large categories as objects and functors as morphism*| we can
prove the following fact.

Proposition 0.4.7. With the above definition on morphisms, EM defines a
functor Monad(C)°? — Cat.

Proof. We have already seen that EM(T') is a category for T' any monad and
that EM(f) is a functor for any monad morphism (Proposition|0.4.6)). Therefore
we only need to show that EM preseves identities and composition.

4Not any 2-category and not the large category of small categories.
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On objects, EM (idr)(X, a) = (X, a0idrx) = (X, ), and on maps, EM (o)
for any monad morphism ¢ is equal to the identity functor by the definition of
monad morphism as a special monad functor, so EM(idr) = Ideaq(r)-

For composition, let ¢ : R = S and 7 : S — T be monad morphisms. On
objects, we have that

EM(T)(EM(0)(X,a)) = EM(T)(X, 0 0)
=(X,a0007T)

=EM(ooT)(X, ).

On maps we have that all three functors are the identity, hence agree. Therefore
EM(coT) = EM(1)0EM(0) as functors, completing the proof that EM is itself
a functor Monad(C) — Cat. O

The previous proposition shows that isomorphic monads have isomorphic
Eilenberg-Moore categories.

We have already seen that adjoints, if they exist, are unique up to natural
isomorphism (Proposition . Here we need a stronger result, namely that
there is also a monad isomorphism between the induced monads.

Lemma 0.4.8. Consider a functor G: C — D with two left adjoints: F 4 G
and F' 4 G. The induced isomorphism F = F' also yields an isomorphism
GF = GF' of monads on D.

Proof. Let’s write 7, e for the unit and counit of the adjunction F 4 G, and
similarly 7', ¢’ for F 4 G. The multiplication maps for the induced monads GF
and GF’ are then given by ux = G(epx): GFGF(X) — GF(X) and py =
G(e’m x ). There is then a natural isomorphism o: F = F’ with components:

F(n

ox = (F(X) U pap(x) — s F’(X))

Then Go: GF = GF’ is a isomorphism of monads. By using the triangle
identities we get:

Goon = G(eF')o FG(n)on
= G(eF)onGF oy
= ’}7/
1 oGoGF' o GFGo = Ge'FoGeF'GF' o GFy'GF' o GFGeF' o GFGF1/

GeF' o GFGE'F' o GFYGF' o GFGeF' o GFGFv/
= GeF' o GF(Ge o G)F' o GFGeF' o GFGFn
GeF' o GFGeF' o GFGF7/

GeF' o GFn o GeF

= Goopu. O
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The Distribution Monad

We shall write D for the discrete probability distribution monad on Set. It
maps a set X to the set of formal convex combinations ryx1 + - - - + r,x,, where
xz; € X and r; € [0,1] with ), 7y = 1. Alternatively,

D(X) = {gp: X — [0,1] | supp(yp) is finite, and eZX o(x) = 1} ,

where supp(¢) C X is the support of ¢, containing all x with p(z) # 0.
We also write D, for the infinite distribution monad defined as

DOO(X):{¢:X—>[O,1} | Z¢(m):1}.

zeX

It follows from Lemma that supp(¢) is always countable. The functors
D, Dy : Set — Set form monads with the Dirac § function as the unit:

nx nXx

X DX DDX DX

1 ify==x

0 ify#=x

T 0, =y >
weDX

U (yH > ‘Il(w)wp(y)) :

This monad is well-known and often occurs in the literature without attri-
bution. Objects of the category EM(D) of (Eilenberg-Moore) algebras of this
monad D can be considered to be abstract convex sets, in interpreting the map
a:D(X) — X as taking a convex combination ), 7;2;. Morphisms then corre-
spond to affine functions, preserving such convex sums, see [56]. In this thesis
we also need to refer to convex subsets of vector spaces, so we have avoided
using the term “convex set” for an object of EM(D). The earliest relation of D
to convex sets we could find in the literature is [127), 4.1.1], where D is called G,
Eilenberg-Moore algebras are called semiconvex sets, and the maps are called
semiaffine maps.

The prime example of an Eilenberg-Moore algebra of D is the unit interval
[0,1] C R of probabilities. Also, for an arbitrary set X, the set of functions
[0,1]%, or fuzzy predicates on X, is a convex set, via pointwise convex sums.

The Ultrafilter Monad

A particular monad that plays an important role later in the thesis is the ultra-

filter monad U : Set — Set, given by:

UX) {F CP(X) | F is an ultrafilter}

{f: P(X)—{0,1} | f is a homomorphism of Boolean algebras}
(4)

where {0,1} is the 2-element Boolean algebra. Such an ultrafilter F C P(X)

satisfies, by definition, the following three properties.

'l



0.4. CATEGORY THEORY 33

e Itisanup-set: VOU e F=VeF;
e It is closed under finite intersections: X € Fand U,V € F=UNV € F;

e For each set U either U € For ~U ={z € X |z ¢ U} € F, but not both.
As a consequence, () & F.

For a function f: X — Y one obtains U(f): U(X) — U(Y) by:
UNF) = VY |fH(V)eF}

Taking ultrafilters is a monad, with unit n: X — U(X) given by principal
ultrafilters:
nx) = {UCX|zeU}.

The multiplication p: U?(X) — U(X) is:
uwA) = {UCX|DU)e A} where D(U) = {FelU(X)|UeF}

The set U(X) of ultrafilters on a set X is a topological space with basic
(compact) clopens given by subsets D(U) ={F e U(X) | U € F}, for U C X.
This makes U (X) into a compact Hausdorff space. The unit n: X — U(X) is a
dense embedding.

In fact, U(X), with this compact Hausdorff topology, defines a left adjoint to
the forgetful functor CHaus — Set, where CHaus is the category of compact
Hausdorff spaces and continuous maps, the full subcategory of Top, the category
of topological spaces and continuous maps.

The following result, that this adjunction is monadic, shows the importance
of the ultrafilter monad, see e.g. [87], [83, VI.9], [68, III.2], or [I7, Vol. 2,
Prop. 4.6.6].

Theorem 0.4.9 (Manes). EM(U) ~ CHaus, i.e. the category of algebras of
the ultrafilter monad is equivalent to the category CHaus of compact Hausdorff
spaces and continuous maps.

The proof is complicated and will not be reproduced here. We only extract
the basic constructions. For a compact Hausdorff space Y one uses denseness
of the unit 7 to define a unique continuous extensions f# as in:

X ! UX)
f Vf# (5)
Y

One defines f#(F) to be the unique element in (\{V | V C Y with f~%(V) €
F}. This intersection is a singleton precisely because Y is a compact Hausdorff
space. In such a way one obtains an algebra U(Y) — Y as extension of the
identity.

Conversely, given an algebra chx: U(X) — X one defines U C X to be
closed if for all F € U(X), U € F implies ch(F) € U. This yields a topology
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on X which is Hausdorff and compact. There can be at most one such algebra
structure chyx: U(X) — X on a set X corresponding to a compact Hausdorff
topology, because of the following standard result.

Lemma 0.4.10. Let X be a set with two topologies O1(X), O2(X) C P(X) with
O1(X) C 05(X), O1(X) is Hausdorff and O2(X) is compact, then O1(X) =
02(X). O

Proof. It U is closed in O3(X), then it is compact, and, because O1(X) C

09(X), also compact in O1(X). Hence it is closed there. O

We can apply this result to the space U(X) of ultrafilters: as described
before Theorem U(X) carries a compact Hausdorff topology with base
DU) = {F € U(X) | U € F} of clopens. Since it is a free U-algebra by
the map ux: U?*(X) — U(X), it has compact Hausdorff topology by Manes’s
theorem. It is not hard to see that the subsets D(U) are closed in the latter
topology, so the two topologies on U(X) coincide by Lemma

Example 0.4.11. The unit interval [0,1] C R is a standard example of a
compact Hausdorff space. Its Eilenberg-Moore algebra ch: U([0,1]) — [0,1] can
be described concretely on F € U([0,1]) as:

ch(F) = inf{se[0,1]][0,s] € F}. (6)

For the proof, recall that ch(F) is the sole element of the intersection (\{V | V €
F}. Hence if [0,s] € F, then ch(F) € [0,s] = [0,s], so ch(F) < s. This
establishes the (<)-part of (). Assume next that ch(F) < inf{s | [0,s] € F}.
Then there is some r € [0,1] with ch(F) < r < inf{s | [0,s] € F}. Then [0,r]
is not in F, so that —[0,7] = (r,1] € F. But this means ch(F) € (r,1) = [r,1],
which is impossible.

Notice that (6) can be strengthened to: ch(F) = inf{s € [0,1]NQ | [0,s] €
F}.




Chapter 1

C*-algebras, Probability
and Monads

The following chapter originated as the article “From Kleisli Categories to Com-
mutative C*-algebras: Probabilistic Gelfand Duality” [{4)] and its journal version
[45]. The introduction to effect modules and the expectation monad comes from

163).

1.1 Introduction

There are several notions of computation. We have the classical notion of
computation, probabilistic computation, where a computer may make random
choices, and quantum computation, which uses quantum mechanical interfer-
ence and measurement. Normally we would consider classical computation to
be done on sets, probabilistic computation on some kind of spaces admitting a
notion of probability measures , and quantum computation on Hilbert spaces.
We can instead use categories with C*-algebras as objects and a choice of ei-
ther *-homomorphisms (called MIU-map below) or positive unital maps as the
morphisms. The general outline is represented in this table.

set-theoretic probabilistic quantum
C*-algebras commutative commutative | non-commutative
multiplication . i
: - positivity positivity
maps preserve mV?llnui‘Elon Uit Uit
maps abbreviation MIU PU PU

We note at this point that positive unital maps coincide with completely positive

35
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unital maps if either the domain or codomain of a map is a commutative C*-
algebra, but not in general. While the quantum case is an important source
of motivation, we will deal mainly with the classical and probabilistic cases in
this chapter. In particular, we will relate the alternative method of representing
probabilistic computation, using monads, to the C*-algebraic approach.

In recent years the methods and tools of category theory have been applied
to Hilbert spaces — see e.g. [I] and the references there — and also to C*-
algebras, see for instance [I01, O1]. In this chapter we relate the distinction
between different types of homomorphisms of C*-algebras to the distinction
between different types of computation. Moreover, we demonstrate the rele-
vance of monads (and their Kleisli and Eilenberg-Moore categories) in this field.
The aforementioned paper [L0I] concerns itself with only the *-homomorphisms
(a.k.a. the MIU-maps).

The main results of this chapter can be summarized as follows. The well-
known finite (‘baby’) version of Gelfand duality involves an equivalence between
the category of finite sets (and all functions between them), and the opposite
of the category of finite-dimensional commutative C*-algebras, with MIU-maps
(*-homomorphisms) between them. Diagrammatically:

FinSet — > FdCC*Alg®?

Our first observation is that if we generalize from MIU to PU (positive unital)
maps we get an equivalence:

Kty(D) —> FdCC* Alg2,

where D is the distribution monad on Set, and K¢y(D) is the Kleisli category of
this monad, but with objects restricted to natural numbers. This shows that the
category FACC* Algpy; is equivalent to the Lawvere theory of the distribution
monad. The details are in Section [[.4]

The main contribution of the paper lies in a generalization of the latter
equivalence beyond the finite case, which can be summarized in a diagram:

R
vV N
CHaus —————— CC*Alg®®

< T Gelfand £ (1 . 1)
4

KU(R) — CC*Algph,

ne

At the top of this diagram we have the classical Gelfand duality between the
category CHaus of compact Hausdorff spaces and the (opposite of the) category
of commutative C*-algebras with MIU-maps. Again, the generalisation to the
computationally more interesting PU-maps involves a duality with a Kleisli
category, namely the Kleisli category K¢(R) of what we call the Radon monad
R on compact Hausdorff spaces. By the Riesz representation theorem, elements
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of R(X) can be described as Radon probability measures, which in this case
coincide with inner regular probability measures (see [114, Theorem 2.14]). We
will see more of this later (Theorem [5.4.10).

The closest result in the literature to in [80] §2] that relates Kleisli maps
for the Giry monad G of the form X — Q(Y)EI, and maps L®(Y) — L=(X).

Incidentally, the adjunction on the left in Diagram can be transferred
to the right, and then yields a right adjoint to the inclusion CC*Alg —
CC*Algpy. In [132] it is shown that such a right adjoint also exists in the
general non-commutative case.

Giry [A7, 1.4] described how we can consider a stochastic process as being a
diagram in the Kleisli category of the Giry monad on measure spaces. By using
the Radon monad R on compact spaces instead, we can get a different category
of stochastic processes on compact spaces as diagrams in the (opposite of the)
category of commutative C*-algebras with PU-maps. This suggests the quantum
generalization, considering diagrams in the category of non-commutative C*-
algebras. The use of the Kleisli category of R also suggests that one could
generalize to Eilenberg-Moore algebras of R. We will see in chapters [3] and
how these two ideas are related.

We also show that the category of C*-algebras with PU-maps embeds fully
and faithfully in the category of effect modules, an algebraic structure for predi-
cates adapted to quantum mechanics. At the end of the chapter, we then show,
by considering monad morphisms, that Eilenberg-Moore algebras of R and £
are compact Hausdorff spaces admitting an abstract convex structure.

1.2 Preliminaries on C*-algebras

We write Vect = Vectc for the category of vector spaces over the complex
numbers C. This category has direct product V & W, forming a biproduct
(both a product and a coproduct) and tensors V ® W, which distribute over
@. The tensor unit is the space C of complex numbers. The unit for & is
the singleton (null) space 0. We write V for the vector space with the same
vectors/elements as V, but with conjugate scalar product: z ez v = Z ey .
This makes Vect an involutive category, see [57].

A *-algebra is an involutive monoid A in the category Vect. Thus, A is itself
a vector space, carries a multiplication -: A ® A — A, linear in each argument,
and has a unit 1 € A. Moreover, there is an involution map (—)*: A — A,
preserving 0 and + and satisfying:

* =1 (z-y)* = y* -z
=z (zox)" = Z

Here we have written a fat dot e for scalar multiplication, to distinguish it
from the algebra’s multiplication -. For z = a 4+ bi € C we have the conjugate

IThe article actually uses Markov kernels, but these are equivalent to Kleisli morphisms
of G [99].
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Z = a — bi. Often we omit the multiplication dot - and simply write zy for x - y.
Similarly, the scalar multiplication e is often omitted.
An element a of a *-algebra A is called self-adjoint if a* = a. The R-linearity
of the -* operation shows that self-adjoint elements form a real subspace of A.
If a,b are self-adjoint, then ab is self-adjoint iff ab = ba because (ab)* = b*a*.
A C*-algebra is a *-algebra A with a norm || — ||: A — R in which it is
complete, satisfying the conditions ||z|| = 0 iff = 0 and:

lztull < el +lyl - llzeall =1z - |2
-yl <zl llyll o= -all =l
The last equation ||z* - x| = ||z||?, is the C*-identity and distinguishes C*-

algebras from Banach *-algebras. We remark at this point that a Banach *-
algebra admits at most one norm satisfying the C*-identity. The reason for this
is that the spectral radius r(z) is definable in terms of the ring structure of the
algebra, and for self-adjoint elements r(x) = ||z|| [69, Proposition 4.1.1 (a)]. If
x is an arbitrary element, z* - x is self-adjoint, so r(z* - z) = ||z* - z| = ||z|].
In the current setting, each C*-algebra is unital, i.e. has a (multiplicative) unit
1. A consequence of the axioms above is that ||1]] = 1 unless the C*-algebra
is the unique one in which 0 = 1. A C*-algebra is called commutative if its
multiplication is commutative, and finite-dimensional is it has finite dimension
as a vector space.

An element z in a C*-algebra A is called positive if it can be expressed as
x = y*-y. We write AT C A for the subset of positive elements in A. This subset
is a cone, which is to say it is closed under addition and scalar multiplication with
positive real numbers, and A, N —A; = {0} [29, Proposition 1.6.1]. Positive
elements are self-adjoint, and we can deduce from this that the product of two
positive elements is positive iff they commute. The square z? = z - z of a self-
adjoint element x = x* is obviously positive. The positive cone defines an order
on every C*-algebra by 7 this is the usual order on a C*-algebra.

We will consider two options when it comes to maps between C*-algebras.
The difference between them plays an important role in this chapter.

Definition 1.2.1. We define three categories C*Alg, C*Algpy and C*Algp
with C*-algebras as objects, but with different morphisms. We also define their
full subcategories CC*Alg, CC*Al